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1. INTRODUCTION 
The singular integral equation 
1~ b u+x 
g(u) log ~ du=f(x),  forO<_a<x<b (f(O)=O, ifa=O) (1.1) 
is considered here, for its complete solution, in the special circumstances when g and f are 
differentiable functions. 
Integral equations of form (1.1) arise in connection with the problem of scattering of surface 
water waves, in deep water, associated with vertical barriers, the case a = 0 being the one 
involving a fully immersed barrier (see [1]) and the case a > 0 being the one involving an infinite 
barrier with a finite gap (see [2,3]). 
In the present note, we have followed the method of differentiation employed by Estrada and 
Kanwal [4] to solve the integral equation (1.1) completely and have obtained the solution in 
varieties of circumstances depending on the behaviour of the unknown function g(u) at the 
endpoints u = a and u -- b. The solution in the special case a = 0 can be easily derived by taking 
limit as a ~ 0, of the various results obtained here. 
2. THE METHOD OF SOLUTION 
By assuming that f and g are differentiable functions in the interval (a, b), we differentiate 
(see [4]) both sides of equation (1.1), with respect o x, and obtain the following new integral 
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equation for the function g: 
1Lb 2ug(u) 
(u2  _ ~) 
Then, by using the transformations 
u s = V, x 2 = p, 
dr) (a < x < b). (2.1) du = f'(x) = ~x 
s, / . / : -s '  
equation (2.1) can be cast into the form 
[ b2 gl(V) dV = fl(P) (a 2 < p < b 2) (2.3) ! 
lrJa2 p -V  
which is a Cauchy-type singular integral equation of the first kind (see [5]). 
The general solution of equation (2.3) is well known and is given by the formula 
[ Lb2 {(p-a2) (b2-p)}l/2 fl(P)dp] 
g l (v )=- l~{(v -aS  )(b ~_v)}-1 /2  -C+ 2 ~:~ (2.4) 
(a ~ < v < b~), 
where C is an arbitrary constant. 
Reverting back to the old variables (see equations (2.2)), we obtain the general solution of 
equation (2.1) as given by 
g(u)= l {(u2_a2)(bS_uS)}-l/2[C+2L b{(ts-a2)(b2-t2)}l/2tf'(t) ] 
(u 2 _- ~ dt (2.5) 
(a < u < b). 
At this stage we observe, by a direct integration, that the constant C is connected with g, through 
the following relation: 
C = 2 ug(u) du. (2.6) 
Since Lb (x2--a2) 1/2 u + x 
~-~ x2 log u-x  dx=r(u-a)+I1 (a<u<b), (2.7) 
where 
b fx2_a2\1/2 a+x dx, (2.8) I,=L ,o 1o 
we derive from equation (1.1) that 
S= tb2-.~) s(x)<t.:/= ~,(.)d.+ (11-o~,)./= g(.)d.. (~.9) 
Also, since 
L b log[__((u_+__x)/(__u --x)] fb log~a + x)/(___a :x)I {( z2 _ a2) ( b2 _ x2)}l/2 dx = j~ {( x2 _ a2) ( 52 _ x2)}1/2 dx = I2 (a < u < b), (2.10) 
we derive, again, from equation (1.1) that 
L 
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Hence, the constant C can be determined by using equations (2.6), (2.9), and (2.11) and is given 
by 
( ar - 11 b .f(x) dx + 2 /(z) dx. c=2 y~ {(~2 _ a2)(b2 _ ~2))1/2 \~-~/ (2.12) 
Thus, we conclude here that solution (2.5) with the constant C, given by relation (2.12), is 
the solution of the original integral equation (1.1). The most important fact to note here is that 
the solution of the logarithmic singular integral equation (1.1) does not depend on any arbitrary 
constant at all, as against he solution of the reduced Canchy-type singular integral equation (2.1) 
and, thus, the homogeneous integral equation (1.1) possesses only the trivial solution, demon- 
strating the uniqueness of the solution of the corresponding inhomogeneous equation. Another 
important aspect of the solution of equation (1.1) is that the function g represents an unbounded 
function at both the endpoints u = a and u = b. We also mention here that the end behaviours 
of the forcing function f of the singular integral equations (1.1) and (2.1'.) heavily depend on the 
end behaviours of the unknown function g (see [6]). In the next section, we give different forms 
of the solution of equation (1.1) depending on the end behaviours of the unknown function g. 
In the limiting case, when a = 0, we must have f(0) = 0 for consistency and then, using the 
results 11 = 0 and 12 = 7r2/2b, for a = 0, the known solution (see [4]) can be easily recovered, by 
utilizing relation (2.5), along with relation (2.12). 
3. OTHER FORMS OF  SOLUTION 
It is interesting to notice that solution (2.5) with the constant C given by relation (2.12) can 
be cast, in a rather formal manner, into three other different forms, as given by the following. 
(I) 
[ { /ab  tf'(t) dt g(11) ---- 171. {(112 _a2) (5 2 _112)}-1/2 C-}- (5 2 _112) -2  (( t2 _ a2)( b2 _ t2)}1/2 
~a } ~ b (t2-a2N~1/2 ] 
b tf'(t) dt + 2 tf'(t) dt 
+ 2 (u 2 - a 2) ((t 2 - a s) (b2--- t-~) 1/2 (u 2 - t 2) t b2 - t2 ) ' 
for a < u < b 
(3.1) 
by using the identity 
{ (e  - a') (b 2 - t 2) }1/~ = (e  - u2 + u2 _ as) (b' - u2 + u2 _ t') 
{(t 2 - a 2) (5 2 - t2)} 1/2 
(II) 
i b (b: - t 2 "~ 1/2 tf'(t) g(11) = 1{(112 a2 ) .  @_112)} -1 /2  C+2(u 2_a=) \t~-a~} ~--~2~t 
] -2  ~,t2_aS] tf '(t)dt (a < u < b) 
by using the identity 
{(t 2_a2  ) (b 2_ t2  )}1/2 (t 2 -u  2+u 2 -a  2) (b 2 - t2 )  
= ((t2 -- a 2) (b 2 -- t2)} 1/2 ; 
(3.2) 
and 
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(m) 
_ [ Lb( t2 - -a2~ 1/2 tf'(t) g(u)= ~l{(u2-a2)(b2-u~)}-'ls C+2(b~_  ~) I tbS - ts )  ~:T2  dt 
(3.3) b a, lJs ] 
+2 L i tb2_ts ]  tf'(t) dt (a<u<b)  
by using the identity 
{ ( t2 ,  a~) @2 _ t2) ),j2 = (t2 _ a2) (b~ - ~ + ~2 _ t2) 
{( t  s - a 2) (5 s - t2 )}  1/2 
The above three forms (3.1)-(3.3) of solution (2.5) of the integral equation (1.1) with the con- 
stant C given by relation (2.12) can be used to give rise to the following three different ypes 
of solution, under suitable restrictions on the behaviour of f and f '  in the neighborhood of the 
endpoints. 
(I') g(u) bounded at both the endpoints u = a and u = b: 
Lb tf'(t) 2 {(u2_a2) (b2_u2)}l/2 dt (a < u < b), (3.4) 
g(u) = -~ {(t2 _a  2) (5 2 __tS) }'/2 (U 2 __~:2) 
obtainable from relation (3.1), provided that 
Lb ~- 0, and tf'(t) 
(i) {( ts _ a-~-  - t2) } V2 dt (3.5) 
Lb (t2 -- a2~1/2 
(ii) C + 2 It-~-~-_-~_ t2 ] tf'(t) dt = O. 
(IY) g(u) bounded at the end u = a but unbounded at u = b: 
g(u)= 2 ¢u2-a2~ilSLb (bS-t2~ lis tf'(t) 
if \ .~ __ ~_~/# It t-7-------_ a2 ] ~- -T  s dt (a < u < b), (3.6) 
obtainable from relation (3.2), provided that [. (b  2 _ t2 ] , i s  
C - 2. .  \ t~_a2  ] tf'(t) dt = 0. (3.7) 
(IIY) g(u) unbounded at the end u = a but bounded at u = b: 
2 (bS_~u2~' /2Lb l i t2 -a2~' /2  tf '(t)  
g(u) = -~ It u2 _ a s ] ~. It-~-L--~ ] (u 2 _ ts ) dt (a < u < b), (3.8) 
obtainable from relation (3.3), provided that 
Lb ( t  2 _a2~l i s  
C + 2 It b2 _ ts ] tf'(t) dt = O. (3.9) 
Though in most cases, viz., when f(x) = x, x 2, sinx, cosx, etc., the solutions of the integral 
equation (1.1) are unbounded at both endpoints, there are instances associated with practical 
problems (see [2,3]), when it is required to use the other forms of the solution as considered 
in (I#)-(III#) above. 
Thus, we conclude here that the integral equation (1.1) can possess olution (3.4), which is 
bounded at both the endpoints, if and only if the forcing function f satisfies the two conditions 
of solvability criterion given by relations (3.5). Also, there exist solutions (3.6) and (3.8) which 
are bounded at one end and unbounded at the other end, if and only if the two different con- 
ditions (3.7) and (3.9) are satisfied by the forcing function f ,  depending on the behaviour of g 
at the two endpoints. In general, equation (1.1) possesses solution (2.5) which is unbounded at 
both endpoints, for M1 differentiable functions f ,  as has already been explained. 
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